The quantum spin states of atomic ensemble are of special interesting for both fundamental studies and precision measurement applications. Here, we propose a scheme to prepare collective quantum states of an atomic ensemble placed in an optical cavity via homodyne measurement of probing light field. The effective interactions of atoms mediated by photons are enhanced by the optical cavity, and the output probe light could also be entangled with the collective spin states. By selectively measuring the quadrature of output light, we can prepare various quantum states, including superposition states of Dicke states and Dicke squeezed states. It is also demonstrated that the fidelity of prepared quantum state can be enhanced by repetitive homodyne detection and using longer probe laser pulses. Our scheme is feasible for experimental realization with current technologies, which may be used in future study of quantum mechanics and quantum metrology.
I. INTRODUCTION
Large ensembles of atoms are good platforms for testing fundamental physics [1, 2] and practical applications [3, 4] , such as, quantum metrology [5, 6] , quantum memory [7] , atomic clocks [8] [9] [10] and gravitational wave detectors [11, 12] . For these applications, the preparation of quantum states of atomic ensembles [1, 13, 14] is essential. For example, the quantum superposition states [13, [15] [16] [17] and Dicke squeezed states (DSS) [18] are the two typical quantum states, which show interesting quantum phenomena and break classical limitation by utilizing the entanglement property of collective spins [19] [20] [21] . The quantum superpositions of collective spins are allowed by quantum mechanics, including GreenbergerHorne-Zeilinger (GHZ) [22, 23] and W states [24, 25] , which can be applied for quantum information processing. The spin squeezing states [26] and DSS [18] are many-particle entangled states, allowing the quantum metrology beyond the standard quantum limit [27] [28] [29] . Therefore, the preparation of these quantum states is of great importance and has attracted considerable attention recently.
Many schemes [27, [30] [31] [32] have been proposed to prepare quantum states of atomic ensemble spins in recent years. Spin squeezing and entanglement of collective spins have been achieved by directly transferring squeezing from squeezed light to an atomic ensemble [33] . In analogy with nonlinear optics, quantum states of collective spins can be generated via collisional interactions in Bose-Einstein condensate [34] [35] [36] . Alternatively, cavity- * clzou321@ustc.edu.cn † xbz@ustc.edu.cn based schemes [37, 38] have also been proposed to realize highly squeezed states and other quantum states, where the light-matter interaction is enhanced by placing the atoms in an optical cavity [39] [40] [41] . The effective interactions of collective atoms are induced by the optical cavity, while the interaction types can not be chosen at will, and ideal quantum states can not be prepared. It is also demonstrated that the quantum nondemolition (QND) detection on the states of photons coupled with the atomic ensemble could be utilized to produce quantum states [42] , including the entanglement of two macroscopic atomic samples [43] , spin squeezing states [19, 44] , and Dicke state [45, 46] . However, a scheme that combines the advantages of cavity-induced nonlinear couplings and the variety of QND detection has never been proposed yet.
In this work, we propose an experimental feasible scheme to prepare collective quantum states of an atomic ensemble by cavity assisted homodyne measurements. For a cavity-atom ensemble system probed by coherent resonant laser pulse, the output light is entangled with the collective spin states of atomic ensemble in the cavity, which induces linear, square, and high order nonlinear couplings of collective spins. By time-domain homodyne measuring of the quadrature of output light, the quantum superposition state and DSS can be created selectively. For a given system, the state preparation can be optimized by carefully choosing the measurement strength and pulse length. Moreover, the state preparation can be enhanced by repetitive homodyne measurement. Our scheme is feasible for experimental realization and can also be generalized to generate other non-Gaussian states by optimal homodyne measurement. Figure 1 is a schematic of the cavity-atom ensemble system setup. We use a laser pulse resonant with the cavity to probe the system, which contains an ensemble of N identical atoms with two stable ground states and an excited state. By adiabatically eliminating the excited state of atoms, the two ground levels of atom ensemble are coupling to the optical cavity [37, 39] , with the effective Hamiltonian as
II. MODEL
where c, c † are the photon annihilation and creation operators for the cavity mode,
is z component of the collective spin operator, and the coefficient Ω = 2g 2 / |∆| is the dispersive cavity and atom population coupling strength [39] , in which g is the coupling strength between the atom ground-excited transitions and vacuum cavity field, and ∆ is the detuning between the cavity mode and atom transitions. The probe pulse has a mean photon number N p with the normalized pulse envelope dt |β in (t)| 2 = 1, and κ is the cavity amplitude decay rate.
We notice that the spin operator S z is a conserved quantity in the system, since [S z , H eff ] = 0. Therefore, by accumulating an extra phase in proportion to the spin operator S z [37] , the cavity field evolves by following the Heisenberg equation
The formal solution [47] of cavity field for c (−∞) = 0 is
(3) As the term in proportion to the spin operator is assumed to be small, the mean intracavity field can be approximated as [48] 
where the dimensionless functions are
Since the cavity field contains information of spin operator S z , the spins can be projected to certain collective spin states by time-domain homodyne detection of the output field c out = √ 2κc. The homodyne measurement operator [48] of the output reads
where
is the measured quadrature, and φ, β LO are the phase and amplitude of the local pulse, respectively, as shown in Fig. 1 . The corresponding measurement operator [49] reads
by generalised linear measurement theory [50] . Here η is the accumulated phase,
is the square-spin operator measurement strength, and
is the linear spin operator measurement strength, all of which are determined by the local pulse [48] . As the term from β 0 does not contain any information of the spin operator, we have neglected this contribution above.
Since the quadratures of intracavity field carry information of the spin operators S z and S generate quantum states of the collective spins, as indicated by the measurement operator. By properly choosing the phase φ and shaping the local pulse β LO , we can selectively imprint the actions S 2 z and S z on the atom ensemble and generate quantum states of the atom ensemble.
III. QUANTUM SUPERPOSITION OF DICKE STATES
When the phase of local oscillator is chosen as φ = 0, we measure the X quadrature Υ 9), we obtain the measurement operator
for measurement outcome Υ = X L = −χ x S 2 z , which leads to the operation on the spin state
To optimize the measurement on the amplitude (X) quadrature, we choose a local pulse with β LO being proportional to β 2 . According to Eq. (10), the spectrum of the optimal input probe should satisfy β
. Therefore, we can obtain the optimal measurement strength χ x = 42N p Ω 2 /(2κ 2 ) and the accumulated phase η = −5ΩN p / (3κ) [48] for X quadrature homodyne measurement.
Consider an atom ensemble initially prepared in a coherent spin state (CSS) [51] along the x axis satisfying S x |ψ CSS = S|ψ CSS , which can be represented in the basis of the Dicke states as
where |S, m is the Dicke state with eigenvalue of m under the operator of S z , N m = 2 −S 2S S+m 1/2 is the coefficients, and S = N/2 for the ensemble of N atoms. After the homodyne measurement, the final state of the collective spins is given by
where N is the normalization factor. Note that the state after the measurement is a pure state and the action of measurement operator is to prepare a superposition [52] of Dicke states. From the Eq. (15), we know that the collective spin state collapses to a superposition of two wave-packets of χx is an integer and χ x ± σ −1 2 ≫ 1, the quantum state is the superposition of two Dicke states as
To intuitively illustrate the prepared quantum superposition states by homodyne measurement, we calculate the probability distribution P (m) = | S, m|ψ f | 2 . In Fig. 2(a) , we plot the P (m) as a function of m with different χ x , where we choose the outcome of measurement X L = −χ x S/2. When the measurement strength χ x is weak, the state is a superposition of many Dicke states, and we can observe two wave packets with central position m ≈ ± S 2 . With the increasing χ x , the width of the wavepackets becomes narrower while the peaks become higher. When χ x = 0.2, the state almost consists of only two Dicke states, which is separated by a distance d = 2 S 2 . For different measurement outcomes X L , we show the probability distribution in Fig. 2(b) . If X L becomes larger, the two wave-packets are further apart and the width of the wave-packets be-comes narrower, which is consistent with the theoretical analysis. When the parameters satisfy the condition χ x ± σ −1 2 ≫ 1, the state is only the superposition of two Dicke states. In Fig. 2(c) , we select the superposition of two Dicke states from Eq. (16) as the target state and calculate the fidelity F = ψ f |ψ f 2 as a function of χ x . We find that the fidelity F approaches 1 with the increasing χ x . For different measurement outcomes, the required χ x for near-unit fidelity state preparation is different, and the χ x becomes larger with the larger measurement outcomes X L . Specifically, we can also realize the GHZ state ψ f ∼ e iηS |S, S + e −iηS |S, −S when X L = −χ x S 2 , which is particularly important for quantum information processing.
IV. DICKE SQUEEZED STATES
When choosing φ = π/2, we measure the phase (P)
Similar to the measurement on the amplitude quadrature, the phase quadrature P out of output light contains information about the spin operator S z , and leads to the actions on the spin operator after measurement. From Eq. (9), the measurement operator [48, 49] with Υ = P L = −χ p S z is described as
and the output state
For an optimal measurement of the spin operator [48] , the local input pulse β LO is chosen to have an amplitude directly proportional to β 1 . When β in (t) = √ κe −κ|t| [49] , we have the optimal measurement strength χ p = 10N p Ω/κ and accumulated phase η = − 3ΩNp 2κ . Similar to the preparation of superposition state, we start with an atomic system prepared initially in a CSS along the x axis, and the output state after measurement is
The equation indicates that the state has one wavepacket of Dicke states, where the center of the wavepacket is m = −P L /χ p . If χ 2 p ≫ 1, we can obtain the Dicke state as |ψ f = |S, m after one-shot measurement, where m is an integer around the −P L /χ p .
Specially, if P L = 0, we obtain a Dicke state |S, 0 which is known as the DSS that is useful for quantum metrology [53] . To characterize the DSSs, we introduce a single experimentally detectable parameter as the figure of merit in quantum metrology [18] 
It is worth noting that the squeezing parameters ξ D is universal for characterizing the entanglement depth of all DSSs [54] . In addition, the DSSs described by ξ D are more robust to decoherence and experimental noise than other quantum states [18] . For a CSS along the x axis, we have ξ D = 1, thus a state is the Dicke spin-squeezed state when ξ D < 1. The parameter ξ D can attain the minimum 1/ (N + 2) under the ideal DSS |S, 0 , so the phase sensitivity of DSS approaches the Heisenberg limit. In Fig. 3(a) , we plot the spin squeezing parameter ξ D as a function of the phase-quadrature measurement P L for both χ p = 0.2 (dotted red line) and χ p = 0.4 (solid red line), where P L ∈ [−χ p S, χ p S]. It clearly shows that spin squeezing parameter ξ D reaches its minimal when P L = 0, and the minimal value decreases with the increasing of χ p . The Fig. 3(b) further shows that the squeezing parameter increases with the measurement strength χ p , and the ξ D saturates at certain value that reduces with atom numbers N . The reason for the saturation behavior of ξ D is that the larger measurement strength carries more information about the spin operator, which leads better squeezing. When χ p ≥ 2, we can obtain the ideal DSS |S, 0 . To further verify that optimal spin squeezing is what we expect, the optimal squeezing as a function of N is shown in Fig. 3(c) . The black line is the analysis result ξ D = 1/ (N + 2) for the ideal DSS, and all square dots (numerical result) are on the black line. These demonstrate that theoretical analysis and numerical results are consistent with each other, and we can realize the DSSs that approaching the Heisenberg limit for precision measurement [18] .
V. DISCUSSION
For the experimental realization of our scheme, we consider a dilute ensemble of 87 Rb trapped inside an optical cavity [39, 40] , with g = 2π × 0.4 MHz, ∆ = 2π × 3 GHz and κ = 2π × 1 MHz. In our model, the approximation of adiabatical elimination of the excited state of atoms [37] is valid only when the intracavity photon number be sufficiently low, which should satisfy
From Eq. (4), we can obtain the in-
For homodyning the amplitude quadrature using the optimal input probe, we obtain the intracavity c † c ≤ 4N p . Therefore, the amplitude measurement strength satis-
, which is very weak for low intracavity photons. For homodyning the phase quadrature, we have the intracavity photon number c † c ≤ 2N p /e, and the phase measurement strength
It means that we can not use the very strong probe pulse.
We propose to enhance the fidelity of state preparation by repetitive measurements n j=1 M j of the cavity-atom ensemble system, where n is the rounds of measurements. From the effective projection operator
the effective measurement strength could be enhanced collectively by a factor of √ n. For example, by simply assuming that every measurement outcome is the same in preparing quantum superposition of Dickes states, we obtain the effective outcome of the output X √ nχ x . Similarly, the preparation of DSS can also be enhanced by the repetitive measurements . By assuming that both the input pulses and measurement results remain unchanged with both P j L = 0 and χ j p = χ p , then we can obtain the effective measurement strength χ ef f p = √ nχ p . In Fig. 4 , we investigate the spin squeezing by repetitive measurement, and the complex effects of n on the squeezing parameters ξ D is observed. For weak measurement-strength χ p = 0.4, the degree of squeezing ξ D increase with n. For n = 25, the spin squeezing parameter has a small fluctuation in the range P L ⊆ [−χ p S, χ p S], which means that the spin squeezing can be enhanced for a wide range of the measured value P L . The dependence of spin squeezing on χ p is presented in Fig. 4(b) for n = 1, 5, 25. According to the √ n-enhancement, the optimal spin squeezing should be obtained when n ≈ χ opt p /χ p 2 = (2/χ p ) 2 , which agrees well with the Fig. 4(c) . For the measurement-based quantum state preparation, the drawback is that the desired processes depends on the measurement outcome and is probabilistic. For the repetitive measurement enhanced spin squeezing state preparation, n = 100 (50) measurements are required to achieve optimal spin squeezing for X p = 0.2 (0.4). The probability of the measurement P L = 0 exponentially decreases with n, thus is very challenging for experimental realizations. Actually, we find that the sufficiently low intracavity photon number c † (t) c (t) ≪ (∆/g) 2 is an instantaneous condition, so we use the long pulse probing with β in (t) = κ/n t e −κ|t|/nt to reduce the instantaneous intracavity field, where n t /κ is the effective length of the pulse. Therefore, we can realize the optimal spin squeezing by combining long pulse probing and repetitive measurements.
We can obtain the c † (t) c (t) ≤ 2N p / √ n t e , which means χ p ≪ g √ 20nte κ ≈ 3 √ n t . We can realize the optimal spin squeezing with both the long pulse and strong probing. It is best to realize spin squeezing in experiment by combining long pulse probing and multiple measurements. If we choose n t = 10, the probability of optimal spin squeezing can be obtained greatly increased only by n = 4 times of the homodyne detection.
VI. CONCLUSION
We propose an experimental feasible scheme to prepare the quantum states of an atomic ensemble via cavityassisted homodyne measurements. It is revealed that the probe light that resonant with the cavity would induce two distinct effects: one is that quantum sate of output light can be entangled with that of the atomic ensemble in the cavity, the other one is the light mediated indirect nonlinear interaction between atoms. By selectively measuring the quadrature of the output light, we propose the preparation of the superposition of Dicke states and the DSS. The scheme is feasible for experiments, as the quantum state preparation with weak measurement strength can be enhanced by repetitive homodyne detection or using longer probing laser pulses. Our scheme also holds the potential to generate other non-Gaussian quantum states of atom ensemble, which may find applications in future studies of quantum mechanics and quantum metrology.
